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PREFACE. 


TN  the  following  pages  we  develop  a  method  by  which 
imaginary  roots  of  a  quadratic  equation  can  be  found 
graphically  as  easily  and  as  accurately  as  real  roots,  and  we 
extend  it  to  the  location  of  other  '  imaginary '  points.  The 
principle  is  clearly  capable  of  much  wider  application. 

As  the  parabola  enables  us  to  find  the  roots,  when  real,  of 
any  quadratic  equation  by  suitable  movement  of  the  axes 
there  would  seem  some  warrant  for  the  conclusion  that  an 
intimately  related  curve  would  perform  a  similar  function  for 
imaginary  roots  and  thus  make  the  graphical  representation 
complete.  Experiment  and  investigation  confirm  this  infer- 
ence, and  a  few  typical  cases  chosen  from  Elementary  and 
from  Analytical  Geometry  are  here  worked  out  in  detail  in 
illustration  of  the  principle. 

J.  G.  H. 
F.  K. 

CLAPHAM,  S.W. 

Jan.  1904. 
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GKAPHS    AND    IMAGINAEIES 


I. 

Roots  of  Quadratic  Equations  from  Parabola  graph. 

Fig.  1  gives  the  graphs  of  a?  and  of  -or  and,  since  the 
abscissa  of  any  point  on  the  curve  is  the  square  root  of  the 
ordinate  of  that  point,  it  is  immediately  evident  from  their 
construction  that 


and  J 

kO  being  equal  to  OK  and  km  to  KM. 

In  other  words,  if  we  move  the  a*-axis  up  or  down,  the 
intercepts  between  the  axis  of  the  parabola  and  the  curve 
itself  give  us  the  roots  of  the  equation  a? '=  n,  for  all  values  of 
«,  positive  or  negative.  Thus  we  at  once  read  off  the  approxi- 
mate roots  of 

«*  =  +  3,  as  ±1-73, 

and  of  a?  =  -  3,  as  ±  1*73  /,  , 

1  \ 

the  /  being  omitted  or  insBrted  just  as  the  roots  are  read  off 
from  the  real  curve  far2),  or  its  shadow  (—  of)  shown  by  the 
dotted  line. 

Now  since  we  can  express  any  quadratic  equation 

Aa?  +  Bx+C=0, 
in  the  form  (x  +  a)2  =  n,  and  since  also  if  we  have  the  graph  of 
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12  GRAPHS   AND   IM  AGIN  ARIES. 

or  with  respect  to  a  pair  of  axes  OX,  0  Y  (Fig.  2),  we  at  once 
get  the  graph  of  (x  +  ctf  by  simply  moving  the  y-axis  through 
a  distance  of  a,  to  the  right  if  a  is  positive  and  to  left  if  a  is 
negative,  it  follows  that  if  we  can  read  off  imaginary  roots  of 
a?  =  n,  we  can  do  the  same  for  (x  +  of  =  n,  i.  e.  of  course  for 
the  general  equation  Ax*  +  Bx  +  (7=0. 

The  roots  of  the  equation  (x  +  of  =  n,  will  be 
0i#  ±  KM  if  n  is  positive, 
0,0  ±  i .  KM  if  n  is  negative  (Fig.  2), 
where  0t0  =  -a,  and  KM-  km  -  n. 

This  is  illustrated  in  Fig.  2  for  the  case  in  which  a  =  -  1, 
n-±^.  If  OX,  OY  were  the  axes  the  continuous  curve 
would  be  that  of  a? ;  push  the  y-axis  1  to  the  left  and  regard 
Ol X,  Ol  Y!  as  the  axes  and  the  continuous  curve  is  now  the 
graph  of  (x-  I)2  with  respect  to  the  new  axes.  In  the  figure 
0,0  =  1,  OK=  +  3,  Ok  -  -  3,  hence  we  read  off  the  roots  of 

(x  -  I)2  =  +  3,  or  x2  -  2z  -  2  =  0,  as  1  ±  ^3  or  1  ±  1'73 
and  of 

(.r-l)2^-3,  or  0"-2ff  +  4  =  0,  as  I±i.j3,  or  l  +  l'73t  fc 
approx. 

In  other  words,  to  find  by  help  of  a  parabola  the  roots  of 
an  equation  given  in  the  form  x2-  2<v  +  4  =  0,  we  may  plot  the 
graph  in  the  usual  way.  If  we  did  so,  taking  0%Xt  and 
02  YI  as  the  a*xes  of  x  and  y,  the  graph  would  come  in  the 
position  shown  by  the  continuous  curve  in  Fig.  2.  As  this 
does  not  cut  the  #-axis  the  roots  are  clearly  imaginary,  but 
these  can  be  read  off  almost  as  readily  as  real  roots  from  the 
intersections  of  the  shadow  curve  with  the  ar-axis,  the  roots 
being  O.Jc±i.km.  But  of  course  there  is  no  necessity  to 
draw  the  shadow  parabola  at  all,  for  we  may  simply  imagine 


/Vf 


± 
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the  #-axis  pushed  up  through  twice  the  minimum  value  of  the 
corresponding  function*.  This  latter  method  is  in  agreement 
with  the  fact  that  if  we  take  any  quadratic  equation, 

ax2  +  bx  +  c  =  0  .....................  (1), 

and  form  a  new  equation 

ax*  +  bx  +  c  =  2m    ..................  (2), 

m  being  the  minimum  value  of  ax*  +  bx  +  c,  the  roots  of  the 
derived  equation  are  the  same  as  those  of  the  original  except 
that  the  discriminant  of  the  derived  is  i  times  the  discriminant 
of  the  original  equation.  Reverting  to  the  case  illustrated  by 
Fig.  2,  since  twice  the  minimum  value  of 

a*-2ae-2,  i.e.  (#-l)2-3  is  2  (-  3) 

we  have,  for  original  and  derived  equations, 

a?-2x-2  =  Q    ........................  (1), 

0*-2ar-2  =  2(-3)  ..............  ••••(2), 

the  roots  being  1  ±  J3,  and  l±i  J3  respectively. 

Now  since  the  graphic  solution  of  a  quadratic  equation  by 
the  above  method  resolves  itself  into  finding  the  points  of 
intersection  of  a  parabola  with  the  axis  of  x  (or  with  some 
line  parallel  to  it)  we  are  led  on  to  consider  the  case  in  whick 
the  straight  line  has  some  other,  direction,  and  that  case  in 
particular  in  which  the  straight  line  lies  entirely  outside  the 
parabola,  the  points  of  intersection  being  therefore  imaginary. 
The  equations 


may  be  taken  in  illustration.  Their  graphs,  MVN  and  mn, 
are  given  in  Fig.  -3,  the  shadow  parabola  (dotted)  is  also 
shown,  and  also  the  given,  line  mn,  first  pushed  parallel  to 

*  The  lowest  point  of  the  curve  being  of  course  graphically  determined, 
if  necessary,  by  the  perpendicular  bisector  of  any  chord  of  the  parabola 
parallel  to  the  x-axis. 
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itself  to  a  tangential  position  at  T*,  and  then  further  on  for 
an  equal  distance  (so.  that  TD  =  dT],  cutting  the  real  curve 
at  the  points  M  and  N. 

The  roots  of  the  equations  may  be  obtained  either  by  help 
of  a  shadow  parabola  which  can  be  obtained  from  the  original 
by  revolution  about  the  tangential  point  T  (and  easily  shown 
with  tracing  paper),  or  by  projecting  the  points  My  N  and  T 
on  to  the  given  line  mn,  the  projectors  being  parallel  to  the 
•y-axis.  The  readings  are  : — 

For  a:.   Abscissa  of  t  ±  i  (difference  of  abscissae  of  n  and  t}. 
For  y.    Ordinate  of  t  ±  i  (        „         „  ordinates     „         „  ). 

In  the  particular  case  illustrated,  the  readings  on  inch  and 
tenth-inch  paper  will  be  approximately, 

#  =  2-5  ±-87^,      y='5±-Sli. 

By  calculation 

x  =  2'5  ±  "5  J% i,  y=-5±-5  Jsi. 

The  tangent  parallel  to  the  line  y  =  x  —  '2,  touches  at  the 
point  2 '5,  1'25. 

*  T  being  found  practically  by  the  bisecting  of  any  chord  of  the" 
parabola  parallel  to  mn  by  a  line  parallel  to  the  axis  of  the  parabola. 


II. 


Circle  method  of  finding  roots  of  a  quadratic 
equation. 

The  same  principle  is  readily  adapted  to  what,  for  brevity, 
may  be  called  the  circle*  method  of  solving  quadratic  equations. 
This  is  illustrated  in  Fig.  4  for  the  equation 


where  A£  =  3,  the  sum  of  the  roots,  * 

and         AR  .  BS=  (£)  (J),  the  product  of  the  roots, 

and  in  Pig.  5  for  the  equation  a?  -  3x  +  (f)2  =  0,  AB  again 

representing  the  sum,  and  AR  .  BS  the  product  (f  .  f  )  of  the 

roots. 


N 


FIG.  4. 

*  This  method  of  obtaining  a  first  approximation  is  treated  of  in 
H.  Bos,  EUmente  de  Giometrie,  p.  162  (3rd  edition,  1888);' Chrystal, 
Introduction  to  Algebra,  p.  332;  Lodge,  Differential  Calculus  for  Begin- 
riers,  p.  91,  <fec.;  Mackay's  Euclid,  vi,  28,  29.  - 

H.      v  2 
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If  the  circle  cuts  AB  in  M  and  N  we  have  real  roots 
which  can  be  read  AK+  KN ;  if  it  does  not  cut  AB  the  roots 
are  imaginary.  Taking x*-ax  +  b  =  Qas,  our  standard  equation 
(a  and  b  positive),  keeping  a  constant,  and  giving  b  continu- 
ally increasing  values,  we  shall  find 

(1)  that  the  circle  gets  further  and  further  away  from  A  B, 

(2)  that  the  roots  are 

AK±&  continually  decreasing  quantity, 
then      AK±  0  (when  the  circle  touches  AB\ 
next      A  K±  i  times  a  continually  increasing  quantity, 

and  it  will  be  readily  perceived  that  the  '  shadow '  circle  that 
is  to  give  us  the  roots  cannot  be  the  mere  reflection  of  the 
other,  but  one  that  will  accommodate  itself  to  its  real  but 
retiring  companion.  Thus  it  will  be  found  that  for  such  an 
equation  as  a?  —  3>x  +  52  =  0,  the  radius  of  the  shadow  circle  is 
5,  and  its  centre  f  below  AB,  and  generally,  for  the  equation 


the  radius  of  the  shadow  circle  is  -  +  k,  and  the  centre  of  the 

a 

shadow  circle  is  -  below  AB,  when  AR  and  BS  are  made 

<<£  *. 

equal. 

If,  however,  we  adopt  the  more  general  and  serviceable 
method  of  Fig.  6,  taking  a?  -  3x  +  6  =  0  as  the  equation*,  and 
making  AR  =  2,  £S=  3,  -we  a,i  once  see  that  the  statement  is 
not  general  enough.  The  modification  needed  is  that  if  the 
radius  of  the  real  circle  is  r,  the  centre  of  the  shadow  circle 
must  be  taken  at  a  distance  of  r  on  the  other  side  of  AB, 
so  that  for  the  general  equation  a?  —px  +  mn  -  0,  the  radius  of 
the  shadow  circle  is  %(m  +  n),  and  the  centre  of  the  shadow 


QUADRATIC   EQUATION — IMAGINARY   ROOTS.  19 

circle  is  r  below  AB,  r,  the  radius  of  the  real  circle,  being 
equal  to 


This  includes  the  special  case  considered  above,  and  in 
every  case  the  general  reading  of  imaginary  roots  by  the  circle 


M 


B 


N 


FIG.  5. 

method  is  AK+i.KN.  The  shadow  circle  is  observed  to 
meet  the  needs  of  its  real  comrade  by  assuming  for  its  radius 
a  length  equal  to  the  radius  of  its  companion  +  the.  distance 
which  the  tangential  point  of  the  real  circle  moves  away  from 
AS,  and  by  cutting  AB  in  points  M  and  N  .which  recede 

2—2 
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farther  and  farther  from  K  as  the  real  circle  retires,  thus 
giving  the  increasing  multiple  of  i  in  the  roots  demanded  by 
the  increase  in  the  absolute  term  mn.  The  general  proof  of 
the  correctness  of  the  method  of  reading  off  the  roots  for 
these  two  cases  is  appended. 

For  Fig.  5,  the  general  equation  may  be  represented  by 

a?  —  ax  +  b  =  0, 
and  since  the  roots  are 


a/2  ±    a?l±  -  b, 
i  .  KN  should  be 


a?l±  -  b. 
Now  in  the  figure  we  have 


and  from  its  construction  it  follows  that 


and  AK=a/2, 

•'.  AK±  i  .  KN=  a/2  ±  Ja?l±-b. 

For  Fig.  6  the  general  equation  may  be  represented  by 

a?-p&+mn  =  0, 
and  the  roots  being 

*  p/2  ±  7.^74  -  mn, 


i.KN  should  be   .  Vj»2/4  -  mn. 

In  the  figure,  AB=p,  AR  =  n,  £S=m,  and,  drawing  a 
perpendicular  from  R  to  KO,  it  is  seen  that 
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radius  of  original  circle  =  J(KO-AR? 
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=  CK, 


and 


~M 


N 


>  . 


6. 


=  i  *J(m  +  w)2/4  -  j 
* .  ,Jmn—j 


-  n)s/4 


-  inn, 


and 


=2  ±        4  -  ma 


III. 

Intersection  of  a  line  and  a  circle  in 
imaginary  points. 

The  graphical  determination  of  the  imaginary  points  of 
intersection  of  a  straight  line  and  a  circle  is  an  immediate 
consequence  of  the  foregoing.  A  typical  case  is  represented 
in  Fig.  7  for  the  circle 


and  the  straight  line  y  =  f  x  +  3. 

The  general  method  is  :  —  From  centre  0  draw  to  given 
line  AB  a  perpendicular  OK  cutting  the  circle  at  T,  and  set 
off  KC  equal  to  radius  of  given  circle  and  on  the  other  side  of*" 
the  line.  C  is  the  centre  of  ^the  shadow  circle,  GT  the  radius, 
and  M  and  N  the  imaginary  points  of  intersection,  their 
co-ordinates  being  read  off  in  the  form  a  ±  ib.  The  values 

are 

r 

For  x.   Abscissa  of  K±  i  (difference  of  abscissae  of  K  and  N}. 
For  y.   Ordinate  of  K±  i  (         „          ordinates          „          ). 

Graph  reading  on  inch  paper  gives 

«  =  -l'44±l*74«, 
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which  correspond  nearly  to  the  calculated  results, 

#  =  -1-44+1-7461) 
y=+l-92±l-809»/' 


B 


A3* 


^2 


FIG.  7. 

The  radius,  co-ordinates  of  the  centre,  and  the  equation  of 
the  shadow  circle  are  readily  found  by  calculation,  and  its 
^•-points  of  intersection  with  the  straight  line  determined  as 

-  1 '44  ±'1 6,^119, 

the  ^-points  of  intersection  of  the  real  circle  and  .the  straight 
line  being  -  T44  ±  '16 


IV. 
Intersection  of  two  circles  in  imaginary  points. 

Proceeding  on  somewhat  similar  lines  with  two  equal  circles, 
keeping  one  fixed  with  its  centre  at  the  origin  and  moving  the 
other  away  with  its  centre  along  the  #-axis,  the  locus  of  the 
imaginary  points  of  intersection  is  found  to  be  a  rectangular 
hyperbola;  on  bringing  the  movable  circle  back  into  contact 
again  with  the  fixed  circle  and  then  pushing  it  on  to  the  left, 
the  locus  is  at  first,  of  course,  the  fixed  circle  for  the  real  values 
and  then  the  other  branch  of  the  hyperbola  for  the  imaginaries. 
This  is  interesting  but  does  not  suggest  the  construction  we 
are  in  search  of.  Now,  since  the  common  chord  always  passes 
through  the  points  of  intersection  for  the  'real'  case,  its  repre- 
sentative ought  to  do  duty  foe.  the  imaginaries.  This  is  clearly 
the  radical  axis,  and  the  radical  axis  meets  all  the  demands 
made  on  it.  Making  it  serve  as  the  AB  line  in  the  circle 
method  for  roots  of  quadratics,  and  getting  shadow  circle^  in 
a  similar  way  for  each  of  the  peal  ones,  it  is  found  that  the 
intersections  of  either  shadtiw  circle  with  the  radical  axis  give 
the  required  points  ef  intersection.  This  is  illustrated  by 
Fig.  8,  the  circles  there  represented  being 
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3/ATis  the  radical  axis  and  /Tits  point  of  intersection  with 
the  centre  line  0,02.  Ci,  the  centre  of  A's  shadow  circle,  is 
found  by  setting  off  KC^  equal  to  radius  of  A.  Similarly  for 


<72.     QTi  and   CjTa   are  the  radii  of  the  shadow  circles. 
Readings  much  as  before. 

For  x.   Abscissa  of  K±  i  (difference  of  abscissae  of  N  and.  IT). 
F&ry.   Ordinateof K±i(        „         -  ordinates          „ 
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By  calculation         x  =  2'25  ±  r031«'f 


These  statements  are  easily  verified  by  finding  the  equations 
of  the  shadow  circles  and  of  the  radical  axis  and  obtaining 
their  points  of  intersection  by  Algebra.  In  the  case  of  each 
shadow  circle,  the  equations  giving  the  required  points  reduce 
to 


=  fl 

=  0)  ' 


V. 

Tangent  to  a  circle  from  a  point  within  and  its 
imaginary  points  of  contact. 

A  method  of  procedure  is  again  suggested  here  by  the 
principle  of  continuity.  Starting  with  the  usual  method  of 
drawing  a  tangent  to  a  circle  with  centre  0  from  an  external 
point  P  we  construct  a  circle  on  OP  as  diameter,  and  the 
intersections  of  this  circle  with  the  original  give  us  the  two 
points  of  contact.  Imagine  P  to  move  up  to  the  circle  along 
a  centre  line.  The  tangential  points  gradually  approach  one 
another  and  coincide  at  the  moment  when  P  reaches  the 
circle.  Now  if  P  continues  its  course  towards  the  centre  of 
the  circle  it  is  reasonable  to  suppose,  from  our  previous  work, 
that  the  tangential  points  should  begin  to  recede  from  one 
another,  probably  at  a  greater  rate,  along  a  perpetually 
accommodating  companion  circle,  and  just  as,  in  the  common 
case  of  a  tangent  from  an  external  point,  the  points  of  inter- 
section of  the  real  circles  give  us  the  tangential  points,  so  we 
expect  our  two  shadow  circles  to  do  us  a  like  service  when  the 
given  point  is  internal  and  the  points  of  intersection  imaginary. 
So  they  do  and  they  appear  always  to  intersect  on  the  radical 
axis  of  the  two  real  circles.  But  now  a  disturbing  element 
comes  in.  Just  as  the  join  of  the  external  P  with  a  tangential 
point  touches  the  real  circle,  we  may  reasonably  expect  that 
when  P  becomes  an  internal  point  its  join  with  an  imaginary 
tangential  point  will  touch  the  shadow  of  the  original  circle. 
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Compasses  and  eyes  give  sufficient  testimony  on  this  score, 
and  calculation  confirms  by  proving  that  both  the  shadow 
circles  are  cut  by  the  line  we  have  been  imagining  to  be  a 
tangent  to  one  of  them.  Further  investigation  establishes 
the  results  summarised  below.  It  will  be  convenient  however 
to  precede  this  summary  with  a  description  of  the  figure 
(Fig.  9).  A  is  the  given  circle  with  centre  0,  and  P  the 
internal  point  from  which  tangents  to  A  are  to  be  drawn  ;  B 
is  the  circle  with  OP  as  diameter  [A  is  taken  with  a  radius 
of  3,  its  equation  being  x?  +  y*=3,  and  P  is  here  taken  2^ 
from  0  ;  OP  makes  an  angle  of  45°  with  the  .r-axis] ,  MN  is 
the  radical  axis  of  A  and  B.  The  shadow  circles  of  A  and  B 
are  obtained  in  the  usual  way,  KCa  being  equal  to  A's  radius, 
and  KC^  equal  to  radius  of  B,  M  and  N  are  the  points  of 
intersection  of  the  shadow  circles  with  the  radical  axis,  and  K 
the  point  where  the  centre  line  through  P  cuts  the  radical 
axis. 

(1)  The  radical  axis  of  the  circles  A  and  B  is  the  polar 
of  P  with  respect  to  the  original  circle  A*,  and,  however 
purely   imaginary   the    imaginary  points    of    tangency    are, 
Coordinate  Geometry  requires  the  polar  to  pass  through  them. 
The  equation  of  the  polar  is  x  +  y  -  4\/2,  the  tangential  points 
are  2v2~;t  |\/14?,  2y2  +  v!4e  and,  dropping  the  i,  these  are 
the  points  given  by  the  intersections,  with  the  polar  MN,  of 
both  the  shadow  circles. 

(2)  If  the  radius  of  the  original  circle  A  is  a,  and 

„      inner          „     B  „  b, 

*  For,  if  radii  of  A  and  B  (Fig.  9)  are  a  and  b  respectively,  Ol  the 
centre  of  B,  and  KM  the  polar 'of  P  with  respect  to  A,  then 

V  OP  .  OK=at,  .:  OK=  a2/26,  .:.OK*  -  0^=  (a2/2&)»  -  (<i2/26  -  6)* 

=  6(a2/6-ft)=as-&J 

-  =  difference  of  squares  on  radii  of  A  and  B, 
:.  KM  is  also  the  radical  axis. 
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and  the  distance  of  the  polar  from  the  centre  of  A  is  d,  then 
the  radius  of  A's  shadow  circle  is  d,  and  the  radius  of  B's 
shadow  circle  is  d  -  b. 

(3)  The  centre  of  the  circle  actually  touched,  which,  for 
our  present  purpose,  we  will  call  the  tangent  circle,  is  always 
twice  as  far  from  centre  of  original  circle  as  the  polar  is, 
so  that  KC3=OK=d, 

and  the  radius  of  the  tangent  circle  is  \/2cP  —  a2. 

It  is  easily  proved  that  £'s  shadow  circle  passes  through 
the  centre  of  the  tangent  circle. 

(4)  The  tangential  points  M  and  N  can  be  obtained  in 
several  ways  : — 

I.  Along  the  polar  of  P  set  off  KM  =  KR. 

II.  Along  the  centre  line  set  off  KC2  equal  to  a,  the 
radius  of  original  circle,  and  with  C2  as  centre  and  C2V  as 
radius  obtain  A's  shadow  circle. 

III.  *Along  centre  line  set  off  KG^  equal  to  b,  the  radius 
of  B,  and  with  Cl  as  centre  and  CiP  as  radius  obtain  It's 
shadow  circle. 

(5)  KM  is  the  inverse  of  the  circle  B  with  respect  to  A 
and  also  the  inverse  of  £'s  shadow  with  respect  to  the  tangent 
circle.  fc- 

(6)  The  following  results  are  given  for  convenience  of 
reference : — 

Cl  centre  of  £'s  shadow, 

»  ,    »  A's      „  i* 

C3      „      ,,  tangent  circle: 
KCl  =  b  =  radius  of  circle  B, 
Cz  =  a  =       „     „  '  M    A, 
KCt  =  d  =  distance  of  polar  from  A's  centre. 
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{PC,  =td-b  =  (2d*-  aa)/2rf  =  radius  of  ffs  shadow, 
Vd=OK  =  KC3  =  d  „      „  A'a      „ 

MCa  =  */2d*  -a?  =     „      „  tangent  circle. 


KM  = 

PM=  V(<?2  -  a»)(2d»  -  a")/***  (actual  length). 
VK=d-a. 


PC3  =  (#-  « 

The  relation  between  the  various  circles  is  seen  by  con- 
sidering how  they  change  as  P  moves  from  V  to  0,  the  circle 
A  being  fixed. 

In  all  positions  KM  is  always  equal  to  KR,  and  KC3  to 
OK,  and  the  rect.  OP  .  OK  is  constant,  being  always  equal 
to  a2. 

When  P  is  at  V,  then  R,  K  and  3/  are  also  at  V,  and 
the  two  shadow  and  the  tangent  circles  have  a  minimum 
value,  Cjj  and  C3  coinciding  at  a  distance  of  a  from  K  and 
their  circles  being  each  equal  to  the  original  circle  A,  while 
{7i  is  at  its  maximum  distance  from  K  although  its  circle  has 
a  minimum  area,  its  radius  being  half  the  radius  of  the  original 
circle  A. 

As  P  moves  towards  the  centre  0,  R  also  moves  to  the 
left  along  the  circle  A  ;  K  (and  with  it  3/)  and  the  three 
centres  Ci,  (72,  C3  move  to  the  right  at  various  rates,  Ci  getting 
nearer  and  nearer  to  K,  (72  and  C3  further  and  further  away. 
All  this  while  C*  moves  exactly  at  the  same  rate  as  K,  the 
distance  between  them  always  being  a,  the  radius  of  the 
original  circle,  but  the  rate  of  C9  is  double  that  of  K,  the 
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distances  of  K  from  V  being  represented  by  0,  1,  2,  3  ......  n, 

and  the  corresponding  distances  of  C3  from  V  by 

1,3,5,  7  ......  (2»-l), 

the  radius  of  the  original  circle  being  unity. 

Suppose  KiQ  have  moved  on  till  it  is  1000  units  from  0 
(radius  of  A,  1  unit), 

A's  shadow  circle,  centre  C.2,  will  have  a  radius  of  1000 
exactly. 

J5's  shadow  circle,  centre  Ci,  will  have  a  radius  of 


Tangent  circle,  centre  C3,  will  have  a  radius  of 
1000^/2^/1  -fc. 


VI. 

Relation  between  a  real  circle  and  its  growing 
shadow. 

(1)    P  and  K  (Fig.  10)  are  points  in  the  centre  line  of 
circle  .4,  radius  a,  such  that  OP.  OK-a\  KC  =  OR^a,  ami 


Fio.  10. 

circle  S  with  centre  C  touches  A  at  the  point  V.  ,  S  is  there- 
fore the  shadow  circle  of  A. 

From  the  construction,  however  obtained,  the  following 
conclusions  are  readily  deduced  : — 

(a)    P  and  K  are  inverse  points  with  respect  to  the 
circle  A. 

(6)    The  triangle  KCM  =  the  triangle  ROK. 
H.  '      3 
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(c)  The  triangle  KCM  is  similar  to  the  triangle  POR. 

(d)  The  angles  marked  0  are  equal. 

Now  if  we  suppose  a  point  to  start  from  V  and  to  move 
either  towards  or  away  from  0,  the  centre  of  the  real  circle  A, 
the  following  relation  always  holds  for  the  real  circle  and  its 
shadow.  Denoting  by  d  the  distance  at  any  moment  of  the 
point  P  (or  of  K  if  the  movement  is  outwards)  from  the  centre 
0,  and  speaking  of  PR  (or  KM}  as  the  perpendicular,  then 
for  the  real  case  (the  one  always  considered  in  Elementary 
Geometry)  the  perpendicular  is  N/«S  -  d\  a  real  quantity,  and 
for  the  imaginary  case  (that  in  which  the  geometrical  con- 
struction is  usually  said  to  break  down)  the  perpendicular 
is  Jet2  -  a2,  and  since  i  Vc?2  -  «2  =  \/a"2  -  c?2,  it  follows  that  if  we 
let  the  same  algebraical  formula,  perp.  =  \/a2  -  e?2,  which  is  true 
for  the  special  case,  hold  generally,  the  shadow  circle  invariably 
gives  the  geometrical  solution,  i.KM  corresponding  strictly  to 
the  algebraical  result.  This  is  illustrated  later  by  one  or  two 
geometrical  problems. 

(2)     For  a  real  circle  A,  radius  a, 

the  radius  of  the  shadow  circle  =  asecO, 
for 


Consider  the  changes  in  the  triangles  POR,  KCM  as  P^- 
moves  from  V  to  centre  0. 

In  every  position  KG  =  a  =  OR. 

When  P  is  at  F,  then  K,  R  and  M  are  also  at  V  and  the 

angles-  marked  9  are  0°.  if 

i  % 

As  P  moves  towards  Q,  K  moves  outwards, 

0  increases  from  0°  to  90°,  and  sec  6  from  1  to  oc  , 
.'.  radius  of  shadow  circle  increases  from  a  to  »  . 
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(3)  The  parts  of  the  jwlars  of  P  and  K*  intercefttrd  try 
the  real  circle  and  its  shadow  arc  as  the  radii  of  the  circle*, 

i.e.  as  a  :  a  sec  0,  or  as  1  :  »ec  6. 

.-.  KM^PltzecO. 

Limiting  cases  :  P  at  V.     KM    Pit  sec  6  =  0  (1)  -  0. 
PatO.      KM '=  «  sec  6  x. 

(4)  The  locus  of  M  is  a  hyperhola,  P  moving  from  I'  to  r, 
and  M  denoting  a  point  of  intersection  of  4's  shadow  circle 
with  the  polar  of  P  (Fig.  11) ;  v  V  is  the  diameter  of  A. 


FIG.  11. 


Taking  as  axes  OX,  0  Y  at  angles  of  4/i°  with  OK,  it  w 
easy  to  show  that  the  rect.  OS.  tiMis  constant' for  all  ixwitiuns 
of  M.  For,  if  the  circle  A1RN  is  described  with  A'  as  centre, 
the  triangle  NKM  is  obviously  isosceles. 

Also  the  triangle  OKY  is  isosceles,  angle  at  O  being  45*. 
*  Here  and  throughout,  always  with  reference  to  the  origin*!  circle  A, 
unless  otherwise  stated. 

a— 2 
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Ou  producing  MN  to  S,  it  is  seen  that  the  angle  S  is  90°, 
and  the  triangle  OSN  equal  to  the  right-angled  triangle 
MTY. 

Also  the  rect.  OS.SM=  ON  MY 

=  triangle  OKY-  triangle  NKM 


The  equation  of  the  curve  is  therefore  xy  =  £«2,  a  hyperbola 
referred  to  the  asymptotes  0  JT,  0  Y  as  axes,  and  with  V  as 
vertex.  When  P  passes  the  centre  0,  KM  appears  on  the 
left  and  we  get  the  other  branch  of  the  hyperbola  with  its 
vertex  at  v.  Referred  to  OC,  OD  as  axes,  the  equation  of  the 
hyperbola  is  a?-if  =  a?)  the  equation  of  the  circle  A  being 
or  +  y2  -  a2,  also  referred  to  OC,  OD  as  axes. 

If,  in  the  light  of  this,  we  now  reconsider  the  question 
raised  on  p.  24  as  to  the  points  of  intersection  of  two  equal 
circles,  one  with  its  centre  fixed  at  the  origin,  equation 
a?  +  y*  =  a2,  the  other  moving  right  and  left  with  its  centre 
always  on  the  .r-axis,  we  shall  see  that  the  locus  of  the  points 
of  intersection  is  always  given  by  the  equation 

a*  ±  (iy)*.=  a2. 


VII. 
Application  to  Elementary  Geometry. 

1.     Divide  10  into  two  parts  no  that  their  product 


This  problem  is  given  by  Cardano  (1545)  and  is  interesting 
as  being  apparently  the  earliest  on  record  to  start  the  quest 
after  imaginaries  (see  Chrystal's  Algebra,  Part  I.  p.  248, 
Historical  Note). 

A  geometrical  solution,  answering  to  the  algebraical,  can 
be  obtained  by  help  of  shadow  circle  thus  :— 

Construct  Fig.  6,  making  AB,  AR,  fiS,  1Q,  5,  H  half- 
inches  respectively,  and  read  off  from  shadow  circle  aa  on 
p.  19.  The  calculated  result  is  5  ±  \/15/,  or  5  ±  3'873i  appro*. 

2.  A  similar  example  and  fairly  typical  of  the  algebraic 
geometrical  problems  suggested  by  Euc.  H.  11  and  14,  is 

Divide  a  line  4  inches  long  into  ttro  /xir/*  *>  tkat  tk*  mm  »f 
the  squares  on  them  shall  he  4  sq.  /nx. 
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Denoting  the  parts  by  x  and  4  -  x  we  get 

or  -  (4  -  xf  =  4, 

i.e.  of  -  4#  +  6  =  0, 

which  is  worked  as  in  Fig.  6,  the  roots  being  read  as 
2±l'41i. 

3.  Given  a  circle,  radius  a,  find  length  of  chord  which  is 
distant  dfrom  the  centre,  (i)  when  d  <  a,  (ii)  when  d>  a. 

Denoting  the  length  of  half  the  chord  by  z,  then  for  the 
ordinary  case  in  which  the  distance  d  from  the  centre  is  less 
than  the  radius  a,  we  have  z  =  Jo*  -  d2,  and  the  corresponding 
geometrical  construction  is  to  set  off  OP  =  d  along  a  centre 
line  OC  (Fig.  10)  and  to  draw  the  perpendicular  PR  to  meet 
the  circle,  in  which  case  PR=z  =  Ja*  -  d2. 

If  we  now  inquire  what  is  the  geometrical  significance  of 
the  question  when  the  lengths  have  been  so  chosen  that  d  >  a, 
the  reply  is  that  although  we  can  find  no  chord  within  the 
given  circle  to  satisfy  the  conditions,  any  more  than  we  can, 
by  keeping  to  the  primitive  meaning  of  the  terms,  '  divide  a 
straight  line  5  cm.  long  into  two  parts  whose  difference  is 
7  cm.,'  yet  just  as  in  the  latter  case  a  geometrical  construction 
can  be  found  in  harmony  with  the  algebraical  statement  of 
the  case,  so  in  the  case  under  present  consideration  can 
geometry,  by  means  of  the  shadow  circle,  be  made  to  har- 
monise with  its  fleeter  companion  Algebra. 

The  construction  is  just  as  in  the  '  real  '  case,  OK,  Fig.  10, 
being  set  off  equal  to  d,  and  the  length  of  the  perpendicular 
KM  that  meets  the  shadow  circle,  when  multiplied  iby  i 
answers  fully  t6  the  algebraical'  result  for 


i  .  ]£M=  Ja*  -d2  =  z,  just  as  before. 
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4.  Given  a  circle,  radius  a,  find  how  far  distant  Jnun  tk# 
centre  is  a  chord  2r  units  in  length,  (i)  ichen  c  <  «,  (ii)  trhm 
c  >  a. 

Worked  much  as  last  example;  Fig.  10  illustrates  the 
method.  For  the  ordinary  case,  twice  /?A*  is  the  chord  of 
length  2c,  OiV  or  PR  is  the  required  distance. 

For  the  'imaginary'  case,  set  off  as  before  a  length 
equal  to  c  ;  the  point  P  (now  shown  as  K  in  the  figure)  falls 
outside  the  given  circle,  therefore  have  recourse  to  the  shadow 
circle  and  /.  KM  gives  the  required  length. 

5.  Euc.    II.    5,   6   and    14    and  the   introduction  of  tki 
imaginary. 

When  Euc.  n.  5  and  6  are  looked  at  with  modem  eyes 
accustomed  to  negatives  and  imaginaries,  and  account  taken 
of  the  '  sense '  of  the  lines,  then  instead  of  being  regarded  as 
two  distinct  propositions  their  identity  is  seen  to  be  closer 
even  than  geometry  books  have  often  indicated  when  giving 
their  algebraical  representation.  This  essential  likeness  would 
suggest  that  when  we  have  a  geometrical  construction,  as  in 
II.  14,  based  on  the  more  primitive  conception  of  n.  5  and 
giving  us  a  positive  root  of  J(+  «)  (+  b\  then  the  introduction 
of  the  negative  idea,  besides  making  the  old  construction  yield 
us  the  negative  root,  would  give  completion  by  leading  us  on 
in  due  course  to  the  imaginary.  The  corresi>onding  represen- 
tation of  the  imaginary  roots  of  J(+  a)  (-  />)  is  tne  inevitable 
consequence,  and  readily  follows  with  the  aid  of  n.  6,  the 
negative  twin  brother  of  n.  5,  and  of  the  shadow  circle  with 
its  power  of  adapting  itself  to  all  conceivable  changes  in  a  and 
b.  Not  only  will  the  real  identity  of  these  two  propositions 
be  observed  in  what  follows,  but  the  construction  for  imaginary 
roots  will  be  seen  to  follow  closely  in  the  steps  of  that  for  real 
roots,  justified  too  with  an  almost  identical  proof.  • 
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Fig.  12  suggests  the  usual  construction  and  proof  of  Euc. 
n.  14  by  means  of  n.  5,  but  for  comparison  with  the  com- 
panion problem  for  imaginary  roots  the  following  observations 
may  be  made  :— 

DP  =  a,   PE=b  (Fig.  12). 
The  diameter  DE  of  the  circle  with  centre  0  =  a  +  b, 

.'.  the  radius  OR  =  £  (a  +  b\ 
andOP=4(a-6). 


FIG.  12. 

The  perpendicular  from  which  the  roots  are  read  is  drawn 
from  P,  the  common  extremity  of  a  and  b,  PR  giving  the 
positive  and  PS  the  negative  root. 

The  actual  length  of  PR  =  VO.B2  -  OP2 


V(  +  a)  (  +  b\ 

Fig.  13  shows  the  construction  for  the  'imaginary'  case. 
Using  the  same  letters  as  before,         DP  =  a,  PE=  -  b. 
The  diam.  DE  of  the  circle  with  centre  0  =  a  +  (  -  £>)/ 
.'.  the  radius  -OR,  =  |  [a  +  (  -  6)]  =  \  (a  -  b\ 
^  and  OP  =1  [<*-(-by\=l(a.+  b). 

The  perp.  from  which  the,  roots  are  read  is  drawn  from  P, 
the  common  extremity  of  a  and  b,  PR  as  before  giving  the 
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positive  and  PK  the  negative  root     Here,  however,  /'  is 
outside  the  real  circle,  centre  0,  so  the  shadow  circle  is  called 
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into  requisition,  its  centre  0,  being  determined  by  setting  off, 
along  the  centre  line,  P0l  equal  to  radius  of  real  circle,  its 
radius  being  O^E. 

It  is  at  once  evident  that 


and 


Hence  the  actual  length  of  PR  =  Vo.tf1  -  POf 


=  V(  +  «)(-&). 

In  short,  for  the  'imaginary'  case  the  only  difference  is 
that  in  the  algebraical  part  -  b  is  substituted  for  +  l>,  while  in 
the  geometrical  construction  the  perpendicular  is  drawn  to 
meet  the  shadow  instead  of  the  real  circle  with  the  consequent 
reading  of  ±  i  .  PR  for  the  result*. 

*  To  complete  this  it  may  be  added  that  an  apt  illustration  of  the 
geometrical  significance  of  >J(-a)(-  b)  is  readily  given  by  a  piece  of 
tracing  paper.  If  Fig.  12  (segments  DP,  1'K  b*ing  +a,  +6)  i*  marked 
through  on  tracing  paper  and  then  swung  about  the  point  /'  through  an 
angle  of  180°  the  effect  of  the  swing  is  to  negative  both  a  and  b,  and  the 
lines  representing  the  roots  are  seen  to  coincide  with  thorn  of  »J(  +  •)  (  +  1) 
so  that  >/(-")  (-b)  -  , 
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wish  to  learn  Algebra  instead  of  acquiring  a  mere  mechanical  readiness 
in  producing  the  correct  answering  to  semi-arithmetical  questions." 

Professor  F.  S.  CAREY,  University  College,  Liverpool. — "By  my  own 
experience  I  am  convinced  that  the  order  you  have  laid  down  in  your 
book  is  that  in  which  the  subject  can  be  developed  with  most  advantage." 

W.  P.  WORKMAN,  Esq.,  M.A.,  Headmaster  of  Kingswood  School, 
Bath. — "I  think  it  is  a  thoroughly  good  book,  which  in  many  important 
particulars  is  superior  to  any  existing  text-book.  ...  I  should  advise  any 
teacher  in  want  of  an  Elementary  Algebra  to  study  this  book." 


Algebra  for  Beginners 

BY  J.  K.  WILKINS,  B.A.,  Lecturer  at  the  Central  School  of  Science., 
and  the  Municipal  Technical  School,  Manchester,  and  W.  HOL- 
LINGSWORTH,  B.A.,  Lecturer  at  the  Northern  Pupil  Teachers' 
Centre,  Manchester.     In  three  Parts,  carrying  the  pupil  as  far 
as  Quadratic  Equations. 


Part    I.     Paper,  sewed,  4d. 
Part  II.     Paper,  4rf. 


Part  III.     Paper,  6d. 
Answers,  limp  cloth,  6rf. 


Guardian. — "Remarkably cheap  abd  well  printed.  They  contain  all 
that  is  wanted  for  a  thorough  grounding  in  the  elements  as  far  as 
quadratics  of  more  than. one  unknown." 
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The  Elements  of   Geometry 

BY  R.   LACHLAN,  Sc.D., 

Formerly  Fellow  of  Trinity  College,  Cambridge, 
AND 

W.   C.   FLETCHER,   M.A., 

Chief   Inspector   of   Secondary    Schools. 

With  about  750  Exercises  apd  Answers.  Clearly  printed  and  furnished 
with  a  large  number  of  bold  and  distinct  Diagrams. 

Crown  8vo.     pp.  xii  +  207.     2s.  6d. 

This  book  has  been  prepared  in  accordance  with  the  recommenda- 
tions of  the  Mathematical  Committee  of  the  British  Association,  and 
on  the  lines  laid  down  in  the  Syllabus  lately  issued  by  Cambridge 
University  for  the  Local  Examinations. 


Elementary  Geometry 

Containing  the  whole  substance  of  EUCLID  I.- IV.,  IV.,  except  the 
elegant  but  unimportant  Proposition  IV.  10. 

BY  W.   C.   FLETCHER,   M.A., 

Chief  Inspector  of  Secondary  Schools,  late  Fellow  of  St  John's  College,  Cambridge. 

84  pages.     Crown  8vo.     Cloth.     Price  1«.  6d. 

The  Mathematical  Gazette. —  "We  cannot  speak  too  highly  of  Mr 
Fletcher's  work.  It  has  beeu  constructed  with  admirable  skill,  and 
every  teacher  will  find  it  most  suggestive." 

Nature. — "  This  is  a  very  small  book  and  a  very  good  one." 


Plane  Geometry 

Adapted   to    Heuristic    Methods   of  Teaching. 
BY  T.   FETCH,   B.A.,   B.Sc., 

Lecturer  in  Mathematics,  Leyton  Technical  Institute. 

viii  +  112  pages.     Cloth,  Is.  6d. 
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An  entirely  new  Text-book  of  Arithmetic,  based  upon  the 
most  recent  Methods  of  Instruction. 

An  Arithmetic  for  Schools 

BY  J.  P.-KIRKMAX,  M.A.  CAMBRIDGE, 

AND 

A.  E.  FIELD,  M.A.  OXFORD, 

Assistant  Masters  at  Bedford  Grammar  School. 

500  pages,  Crown  8vo.,  with  or  .without  Answers,  cloth,  3*.  6d. 

The  work  is  issued  in  Two  Editions,  WITH  ANSWERS  (RED  COVER) 
and  WITHOUT  ANSWERS  (GREEN  COVER)  at  a  uniform  price. 
The  Edition  with  Answers  will  be  supplied  if  no  definite  in- 
structions are  given. 

In  this  volume  the  object  has  been  to  provide  a  thoroughly  up-to- 
date  Standard  Text-book  of  Arithmetic,  proceeding  logically 
through  the  subject,  aud  treating  it  in  such  a  manner  as  to 
promote  good  habits  of  thinking  and  a  due  understanding  of  the 
processes  which  underlie  the  practical  use  of  numbers. 

Educational  Times. — "  An  excellent  school  arithmetic  on  a  good  plan 
well  carried  out.  In  addition  to  its  value  as  a  text-book,  the  work  is 
attractive  from  the  quantity  of  instructive  general  information  it  con- 
tains. This  is  so  simply  and  directly  given  that  a  student  can  scarcely 
fail  to  be  thoroughly  interested  and  vividly  impressed.  The  theory  of 
the  elementary  rules  is  exceptionally  clear  aud  convincing." 

Nature. — "The  work  is  one  that  can  be  very  confidently  recommended 
to  all  teachers  and  students  of  arithmetic." 


EXERCISES  IN  ARITHMETIC  (Oral  and  Written) 

PARTS  I.   AND  IL 

BY  C.  M.  TAYLOR  (Mathematical  Tripos,  Cambridge),  Wimbledon 
High  School.  With  or  without  Answers,  cloth,  1«.  6cf.  each. 
Answers  alone,  6d. 

The  special  features  of  tin's  work  are  the  absence  of'  long  me- 
chanical exercises,  and  "the  use'  of  decimals  at  a  very  early  stage, 
before  vulgar  fractions.  (Part  III.  in  preparation.} 
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Five-Figure  Tables  of  Mathematical  Functions 

COMFHIMIXO 

Tables  of  Logarithms,  Powers  of  Numbers,  Trigonometric. 
Elliptic,  and  other  Transcendental  Faacttoni. 

BY  JOHN    HOKTHWICK    DALK,   M.A., 

Latv  Scholar  "f  M  John'*  folk**.  f>Mhlli^i 
Lecturer  in  I'urv  »IH!  Applied  Malhriiutin  in  Klag't  <  <>ll<«r.  InltvnMr  at  l>*4a*. 

Demy  8vo.     C'loth.     3i.  6tt. 

This  collection  of  Tables  IULH  been  formed  chiefly  with  a  view  to 
meet  the  requirements  of  workers  in  i'hynical  Science  and  Applied 
Mathematics.  It  includes  many  table*  wtiich  have  not  bitMTto 
found  a  place  in  such  collections,  while  tho*e  tahlm  which  are  of 
use  only  in  Navigation  have  lioen  excluded. 


ELEMENTARY  PLANE  AND  SOLID  MENSURATION 

For  use  in  Schools,  Colleges,  and  Technical  CUsses. 
BY    H.    W.    K.    KIMVAKUS,   M.A., 


Fonnorlr  Scholar  of  Je»u»  follnr*. 
Lecturer  In  Matheuiatics  »t  Kin«'i  folk«r. 


xii-r-322  jwiges.     ('n)wn  Hvo.,  cloth,  3*.  Qd. 


CONTEXTS 

Preface.—  Useful    Tables.—  I.    Use    of     Mathematical 

-  II.  Parallelograms.—  III.  TrianglcH.—  IV.  Tr»i«»>idii.—V.  H» 
lar  Polygons,—  VI.  Similar  Figure*—  VII.  Irregular  Roctilinml 
Figures.—  VIII.  The  Circle.-  IX.  Eauy  CJnH»h*.-    .  SimMOani 
Rule  —XI.  Parallelopiued8.-XII.  PrwiniiL—  X1IL  Pyrwinda,- 
XIV.     Cylinders.  —  XV.     Cones.—  XVI.    Similar    Solid*.  - 
XVII.    Frusta.  —  XVIII.    The   Sphere.—  Api»e»dix.—  Indn.- 
Answers. 
Educational  Timft.—  "  An  excellent  little  volume.    With  thsknowbdgl 

and  experience  of  a  teacher,  the  author  wrilM  »o  a*   to  wp 

the  reader's  mind  a  vivid   image  of  the  thought*  clearly  anupi 

his  own." 

School  World.—  "A  useful  and   well-wntten    trvatiM,  in  which  U 

rules  are  proved  as  well  as  enunciated." 
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ARNOLD'S  SCHOOL  SERIES. 
Graphical  Statics  Problems. 

With  Diagrams.  By  W.  M.  BAKER,  M.  A.,  Headmaster  of  the  Military 
and  Civil  Department  at  Cheltenham  College.  4to.,  2s.  6d. 

The  Principles  of  Mechanism. 

Being  a  Short  Treatise  on  the  Kinematics  and  Dynamics  of  Machines. 
By  HERBERT  A.  GARRATT,  Assoc.  M.  Inst.  C.E.,  Head  of  the 
Engineering  Department  of  the  Northern  Polytechnic  Institute, 
Holloway.  viii+166  pages.  Crown  8vo.,  cloth,  3s.  6d. 

Vectors  and  Rotors. 

With  Applications.  Being  Lectures  delivered  at  the  Central  Technical 
College.  By  Professor  0.  HENRICI,  Ph.D.,  F.R.S.,  LL.D.,  and 
G.  C.  TURNER,  B.Sc.,  Goldsmiths'  Institute.  Crown  8vo., 
cloth,  4s.  Qd. 

Nature. —  "Professor  Henrici  can  always  be  depended  upon  to  em- 
bellish any  mathematical  subject  which  he  touches,  because  with  the 
skill  of  the  analyst  he  combines  the  keen  perception  of  the  geometer, 
which  ever  seeks  to  render  the  results  of  analysis  in  some  way  visible 
by  spatial  representation.  To  a  mathematician  of  this  kind  the  subject 
of  vector  analysis  is  peculiarly  appropriate.  We  are  therefore  indebted 
to  Mr  Turner  for  putting  into  systematic  form  the  lectures  delivered  by 
Professor  Henrici,  and  producing  a  very  simple  and  elementary  work 
the  methods  and  ideas  of  which  should  find  a  very  early  introduction 
into  our  ordinary  mathematical  teaching." 


Calculus  for  Engineers. 

BY  JOHN   PERRY,   M.E.,   D.Sc.,   F.R.S. 

Professor  of  Mechanics  and  Mathematics  in  the  Royal  College  of  Science,  London ;  Vice- 
President  of  the  Physical  Society ;  Vice-President  of  the  Institution  of  Electrical  Engineers. 

Fifth  Edition,     viii  +  382  pages,  with  106  Illustrations. 

Crown  8vo.,  cloth,  Is.  6d. 

The  appearance  of  the  fifth  edition  of  this  valuable  text-book  is  the 
best  proof  of  its  usefulness  to  engineering  students. 


An  Elementary  Treatise  on  Practical  Mathematics. 

BY  JOHN   GRAHAM,   B.A.,   B.E., 

Demonstrator  and  Lecturer  on  Applied  Mathematics  in  the  City  and  Guilds  of 

London  Institute's  Technical  College,  Finsbury. 
Author  of  "The  Calculus  for  Engineering  Students."  f  J 

viii  +  276  pages,  with  Answers  and  numerous  Diagrams. 

Crown  8vo.,  cloth,  3s.  6tf. 

F.  BERRY,  Esq.,  Technical  Schopl,  Bolton. — "I  think  it  a  very  useful 
book,  and  shall  recommend  it  to.  my  students." 

W.  W.  PCLLEN,  Esq.,  South- Western  Polytechnic  Institute,  London. — 
"  Such  a  work  has  been  wanted  for  some  time  for  engineers,  both 
mechanical  and  electrical.  I, shall  have  much  pleasure  in  recommending 
it  to  my  students." 
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THE   LONDON    SCHOOL   ATLAS. 

Edited  by  the  Right  I [»n.  II.  O.  ARNOLD-FORMTM,  M.I'.,  Author  of 
"  The  Citi/.en  Reader,"  "  This  World  of  Ours,"  etc.  A  magnificent  A  lisa, 
including  48  pages  of  Coloured  Map*,  several  of  them  double-  p*ff",  Mid 
Pictorial  Diagrams.  With  an  Introduction  on  the  Construction  mad 
Reading  of  Mapa  by  A.  J.  HRBBKKTHON,  Ph.D. 

Among  the  notable  feature*  of  thin  Atlas  are:  (1)  The  SpedhMM  of 
Ordnance  Surveys  and  Admiralty  Charts  ;  (2)  th«  lucid  A»tr«»nomk»l 
Diagrams ;  (3)  the  beautifully-coloured  Phyiiical  Mapa  ;  (4)  the  careful 
selection  of  names  without  overcrowding  ;  (f>)  the  constant  pr.-wnutiun  of 
uniform  scales  for  comparison  ;  (6)  a  Hintorical  Series  <»f  Map*  illiutratin.: 
the  Building  of  the  British  Empire  ;  (7)  an  excellent  Map  of  i'almtin*. 

The  size  of  the  Atlas  is  about  12  by  9  inches,  and  it  is  issued  in  the 
following  editions : 


Stout  paper  wrapper,  with  cloth 

strip  at  back,  la.  6d. 
Paper  boards,  2s. 


Cloth  cut  flush,  2s.  M. 

Limp  cloth,  3s. 

Cloth  gilt,  be  veiled  •<%•«,  3s.  fld. 


A  Manual  of  Physiography. 

By  ANDREW  HKRBKRTHON,  Ph.D.,  F.R.G.S.,  leader  in  U<-;;i<>nal 
Geography  at  the  University  of  Oxford.  Fully  llluntraUxl.  CU*b. 

4s.  6d. 

Arnold's  New  Shilling-  Geography. 

The  World,  with  special  reference  to  the  I'.ritMi  Empire.  180  pp. 
Crown  8vo.,  cloth,  Is. 

The  New  Zealand  Colony. 

Its  Geography  and  History.     With  IlluMtrati<>nn  ami  a  Coloured  Map. 

Cloth,  Is. 

The  Australian  Commonwealth. 

Its  Geography  and  History.  A  reading  Ixiok  for  Schools,  144  page*. 
With  Illustrations  and  Coloured  Map.  Cloth,  Is. 

A  Historical  Geography. 

By  the  late  Dr.  MORBISON.  New  Edition,  rtvmwt  and  lanrly  n- 
'written  by  W.  L.  CABBIB,  Headmaster  at  George  Watson's  Ootfaflt 
Edinburgh.  Crown  8vo.,  cloth,  3s.  8d. 

The  Shilling-  Geography. 

Py  the  late  Dr.  MORRISON.     New  Edition,  revised  by  W.  I*.  LA»» 

Small  crown  8v«i..  cloth,  Is. 

Arnold's  Geographical  Handbooks. 

A  Series. of  little   Manual*   providing  accurate  and   el.-arly  •  arrMfVi 
summaries  of  Geographical  inforniiition.     M.  i-ach  ;  cluth,  titi. 

1.  England  and  Wales.  «•  Asia. 

2.  Scotland,    Ireland,    Canada,    and        7.  Afrii 

Aiiotriiii  8.  Unitod  ntaujs. 

,  Ettf o^o  0.  fVsntrH  and  SouUi  Asisrtea. 

I  lanXook  to  Greater  Britain.  10.  Tho  World  In  UuUino. 
5.  British  Isles. 
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ARNOLD'S  SCHOOL  SERIES. 


ARNOLD'S  SCHOOL  SHAKESPEARE. 

General  Editor :  J.  CHCRTON  COLLINS,  M.A. 
Price  Is.  3d.  each. 


Macbeth.  By  R.  F.  CHOLMELKT, 
M.A.,  Assistant  Master  at  8.  Paul's 
School. 

Twelfth  Night    By  R.  F.  CJHOLMK- 

LEY,  M.A. 


Julius  Caesar.    By  E.  M.  BUTLIB, 

B.A.,    Assistant    Master    at    Harrow 

School 
Midsummer  Night's   Dream.     By 

R.  BRIMLKY  JOHNSON,  Editor  of  Jane 

Austen's  Novels,  etc. 

The  Merchant  of  Venice.  By  C.  H. 
GIBSON,  M.A.,  late  Assistant  Master  at 
Merchant  Taylors'  School. 


As  You  Like  It.  ByS.  E  WINBOLT, 

B.A.,    Assistant    Master    at    Christ's 
Hospital 

The  Tempest.     By  W.  E.  UBWICK,  Lecturer  on  Modem  Languages  in 
Durham  University. 

Price  Is.  6d.  each. 

Richard  III.     By  F.  P.  BABNABD, 
M.A.,    late   Headmaster   of    Reading 

School 


Zing  Lear.  By  the  Rev.  D.  C. 
TOVKY,  M.A.,  late  Assistant  Master  at 
Eton  College. 


Richard  H.  By  C.  H.  GIBSON,  M.A. 

Henry  V.    By  S.  E.  WINBOLT,  B.  A. 

Hamlet.     By  W.   HALL  GBIFFIN,  Professor  of  English  Literature  at 
Queen's  College,  London. 


Zing  John.  ByF.P.BABNABD,M.A. 

Coriolanus.    By  R.  F.  CHOLMELEY, 
M.A. 


ARNOLD'S  BRITISH  CLASSICS  FOR  SCHOOLS. 

Issued  under  the  General  Editorship  of  J.  CHCBTON  COLLINS,  M.A. 


Paradise  Lost,  Books  I.  and  II.  By 
J.  SARGEAUNT,  M.A.,  Assistant  Master 
at  Westminster  School.  Cloth,  Is.  3d. 

Paradise  Lost,  Books  III.  and  IV. 
By  J.  SAROKAUNT,  M.A.  Is.  3d. 

Marmion,  By  G.  TOWNSKND 
WARNER,  M.  A.,  Fellow  of  Jesus  College, 
Cambridge,  and  Assistant  Master  at 
Harrow  School.  Cloth,  Is.  6d. 


The  Lay  of  the  Last  Minstrel.  By 
G.  TOWNSEND  WARNER,  M.A.  Is.  3d. 

The  Lady  of   the   Lake.      By  J. 

MARSHALL,  M.A.,  Rector  of  the  Royal 
High  School,  Edinburgh.  Cloth,  la.  Gd. 

Childe  Harold.  By  the  Rev.  E.  C. 
E  v F. R  ARD  OWEN,  M.  A. ,  Assistant  Master 
at  Harrow  School.  Cloth,  2s. 


Macaulay's  Lays  of  Ancient  Borne.    By  R.  L.  A.  Dn  PONTET,  M.A., 
Assistant  Master  at  Winchester  College.    Cloth,  la.  6d. 


SELECTIONS  FROM  THE  POEMS  OF  TENNYSON.  Edited, 

with  Introduction  and  Notes,  by  the  Rev.  E.  C.  EVKRARD  OWEN,  M.A.,  Assistant 
Master  in  Harrow  School.     Crown  Svo.,  cloth,  Is.  6d. 

PATRIOTIC  SONG.    A  Book  of  English  Verse.    Being  an  Anthology 

.     of  the  Patriotic  Poetry  of  the  British  Empire  from  the  Defeat  of  the  Spanish 
Ann.idn  until  the  Death  of  Queen  Victoria,    xxvii  +  363  pages.    Crown  Svo.,  3s.  txi. 

A    FIRST    COURSE    IN    ENGLISH    LITERATURE. 

RICHARD  WILSON,  B.A.     144  pages.     Crown  Svo.,   price  Is. 

A     FIRST     COURSE    IN    ENGLISH    ANALYSIS     AND 

GRAMMAR.      By   RICHARD    WILSON,   B.A.,   Author    of   "  Arnold's  Language 
Lessons."     144  pages.     Crown  8vo.~,  cloth,  Is. 


By 
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ARNOLD'S  SCHOOL  SERIES. 
LITERARY    READING    BOOKS. 

IN    GOLDEN    REALMS.     An    Ki>i;li*b    Hauling    liouk   fur   Juai<« 

Forms.     224  IMPISH.     Crown  «vo.,  cloth,  U.  3d. 

Designed  to  form  an  Introduction  to  tho  itiuly  o(  KitulUh  III.  r<Uurr.  <%«UUUt« 
HUk-telM  bum  mrioui  HOUIX-UH,  MlorioN  (rum  Homer  Vlr^tl  Uw  Ik.. •  ill  |.-i., 
Chaucer,  Miilury,  Kroinwirt,  NituiMur,  tilmke»|nMru.  «U\,  otc.  Ill<wU»U»i  wiul 
MBUBfui  bl;ick-iiiid-wIiiUi  reproduction!  of  twelve  fiuium*  |>Uuttt>£B. 

IN    THE    WORLD    OF    BOOKS.      An  Kngluh  lU-ading  U-k  luc 

Middle  Forms.     250  puKu«.    Crown  »YO.,  cloth,  U.  <M. 

Containing  intonwttaia  extract*,  ,;.  ncrully  narrative,  Innii  tho  liwliux  wrttam 
proso  and  i<outrv  from  Oaoimon  and  Ijcdo  to  Tbockoruy  «ii<l  Tcunyauu, 
chroiiolo^iciil  order,     llhuitratod  in  .1  uuuiuur  »imiUr  to  Ui«  »I«TC. 

THE  GREENWOOD  TREK    A  book  uf  Nature  Myth*  and  V 
224  iKitfcs.    Ultatnted,  l«.  3d. 

LAUREATA.     Kditod  by  KICHAKD  WILHON,  U.A,    Cruwn  8vu.,  do«b. 

1».  (xl.     li.Miitifully  printod  uud  tutvfiUly  )>uuii<l. 
A  collection  of  gums  from  the  bunt  ]>outii  from  SlutkunpoAra  tu  Mwtubunia. 

TELLERS  OF  TALES.    Edited  by  RICHARD  WILMON,  15.A.    Cruwo 

8vo. ,  cloth,  Is.  tkl. 

Biographloi  of  sonic  EnglUU  iiovuliati,  with  Kxtr.«.U  from  U»«lr  wurlu. 

POETS'  CORNER.     Sckctcd  Ver»««  for  young  Children     Kuip.  8m, 

cloth,  Is. 

LATIN. 
THE  FABLES  OF  ORBILTQS.    Hy  A.  D.  GOI.LKT,  M.A.,  Krllow 

of    Hiigdalcn   Collugo,   Oxford.      With    humoroui    lUiutTAUou*.      Cruwu    •*«., 
cloth.    Book  I.,  <Jd.  ;  Book  II.,  It. 

SENTENCES  FOR  LATIN  COMPOSITION,     lia-wl  up*  U* 

Exercises  in  "Filliles  of  Orl.ilius,  Tart  II."      Uy  Hcv.  A.  Jtvm>*  MMUII,  M.A.. 
Headmaster  of  Kin,,'  Kd ward's  lir.niiui.ir  Hchuul,  BlnniugbMn.     <ltl..  ltiu|>,  ••!. 

VIRGIL— ^ENEID.     Books  I.,  II.,  and  III.     The  New  Oxford  Twl, 

by  special  pcrmixsion  of  tho  University.     KdiUxl,  with  Introduction  MM!  N«U«. 
by  M.  T.  TATIIAM,  M.A.     Crowu  Svo.,  cloth,  1».  tid.  each. 

A  FIRST  LATIN  COURSE.    l'«y  G.  D.  IIAUDIKKU,  M.A.,  l>^k., 

and  A.  OAUUINKU,  M.A.     viii  (  2'J7  iKigc.t.     2«. 

A  Key,  OD  Teachers'  direct  order  only,  2*.  net 

A  SECOND  LATIN  READER.     With  NoUa  and  VocabuUry.     By 

GKOKUK  B.  OAKDINKK,  M.A.,  U.&c.,  and  ANUKKW  GAIUHM.K.  M.A.     Clutti,  I*.  •>!. 

A  LATIN  ANTHOLOGY  FOR  BEGINNERS.    Ityt  ;*>*.•  li- 

UARDINEK,  M.A.,  U..Sc.,  and  A.  O.MIUINKK,  M.A.    Cl-.th,  >. 

FORUM  LATINTJM.     A  First  Latin  Book,     By  K.  VuKOH  ABKOU> 

Litt.D.,   Professor  of   Latin   at  the   Uuivornlty  CoUcgo  ol    North   WaJoa.     IB 
throe  parts.     Is.  4d.  each.     Oomplot«,  S».  fid. 

CESAR'S  GALLIC  WAR.     Books  I.    and   IL     Kditvd  by  T    W 

HADDON,  M.A.,  and  U.  C   HARRISON,  M.A.    With  Notoa,  M»|B,  l"Ui      i::  .  •  •  . 

tions.  Help*  for  Composition,  and  Vocabulary.    Cloth,  !«.  6d. 
Books  III. -V.    Edited  for  the  UM  of  School*  by  M.  T.  TATHAM,  M.A.     UanWw  wi 

Books  I.  and  II.    Grown  8ro.,  cloth,  1».  Od. 

Books  VI.  and  VII.     By  M.  T.  TATHAM,  M.A.     Uniform  with  BwU  II L-Y.     U.  M 
A  LATIN  TRANSLATION  PRIMER.     With  Grammatical  Him*. 

Exercises  and  Vocabulary.     By  Qioaot  B.  OAiu>l»<«a.A«rf»fcuit-MMUir  U  UM 

Edinburgh  Academy,  and  AMJK«W  OAKDINKR,  M.A.     Crown  8n>.,  olwu.  l< 
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ARNOLD'S  SCHOOL  SERIES. 

GERMAN. 

EASY  GERMAN  TEXTS-  For  pupils  who  have  acquired  a  simple 
vocabulary  ;uid  the  elements  of  German.  Under  the  General  Editorship  of 
WALTER  RIPI-MAXX,  M.A.,  Professor  of  German  at  Queen's  College,  London. 
With  exercises  ou  the  text.  Small  crown  Svo.,  cloth,  Is.  3d.  each. 

ANDERSEN'S  BILDERBUCH  OHNE  BILDER  (What  the  Moon  Saw). 

PRINZESSIN  ILSE.    By  MARIE  PETERSEN. 

DER  TOPPER  VON  KANDERN.    By  H.  VILLIXCER. 

DIE  FLUT  DES  LEBENS.    By  ADOLF  STERN. 

GERMAN  WITHOUT  TEARS.     By  Mrs.  HDGH  BELL.     A  version 
in  German  of  "  French  Without  Tears."    With  illustrations.    Cloth. 
Part  I.,  9d.  Part  II.,  Is.  Part  111.,  Is.  3d. 

LESSONS  IN  GERMAN.  A  graduated  German  Course,  with 
Exercises  and  Vocabulary,  by  L.  INNEB  LUMSDEN,  late  Warden  of  University  Hall, 
St.  Andrews.  Grown  Svo.,  3s. 

EXERCISES  IN  GERMAN  COMPOSITION.  By  RICHARD  KAISEB, 

Teacher  of  Modem  Languages  in  the  High  School  of  Glasgow.     Including  care- 
fully graded  Exercises,  Idiomatic  Phrases,  and  Vocabulary.     Cloth,  Is.  ckl. 

KLEINES  HAUSTHEATER.     Fifteen  little  Plays  in  German  for 

Children.    By  Mrs.  HUGH  BILL.    Crown  Svo.,  cloth,  2s. 

GERMAN  DRAMATIC  SCENES.    By  0.  AB«L  HUSQRAVK.    With 

Notes  and  Vocabulary.  Crown  Svo.,  cloth,  2s.  6d. 


FRENCH. 
ELEMENTS    OF    FRENCH    COMPOSITION.      By   J.   HOMB 

CAMERON,  M.A.,  Lecturer  in  Freuch  in  University  College,  Toronto,  Canada. 
viii+1%  pages.  Crown  Svo.,  clotb,  2s.  Gd. 

LE  FRANCAIS  CHEZ  LUI.  A  French  Reader  on  Reform  Lines, 
with  Exercises  ou  Grammar  for  Middle  and  Junior  Forms.  By  W.  H.  HODGES, 
M.A.,  Modern  Language  Master  at  Merchant  Taylors'  School,  and  P.  POWELL, 
M.A.,  Assistant  Master  at  Loretto  School.  Cloth,  Is.  3d. 

MORCEATJX  CHOISIS.  French  Prose  Extracts.  Selected  and  Edited 
by  R.  L.  A.  Du  PONTET,  M.A.,  Assistant  Master  in  Winchester  College.  Ex- 
planatory Notes  aud  Short  Accounts  of  the  Authors  cited  are  given.  Crown 
8vo.,  cloth,  Is.  6d. 

POEMES  CHOISIS.    Selected  and  Edited  by  R.  L.  A.  Do  POXTKT,  M.  A!^ 

Cloth,  Is.  6d. 

LES  FRANCAIS  EN  MANAGE.     By  JUTA  S.  WOLFF.    With 

Illustrations.  Crown  8vo.,  cloth,  Is.  6d.  An  entirely  original  book,  teaching 
the  ordinary  conversation  of  family  life  in  France  by  a  scries  of  bright  and 
entertaining  scenes. 

LES  FRANCAIS  EN  VOYAGE.    By  JKTTA  S.  WOLFF.    A  com- 

panion  volume  to  the  preceding,  giving  a  lively  account  of  travelling'  on  the 
continent.  Cleverly  illustrated.  CK>wn  8vo.,  cloth,  Is.  6d. 

FRANCAIS  POUR  LES*  TOUT  PETITS.     By  JBTTA  S.  WOLFF. 

With  Illustrations  by  W-.  FOSTER,    Cloth,  Is.  3d. 
LES  FRANCAIS  D'AUTREFOIS.    Stories  and  Sketches  from  the 

History  of  France.     By  JETTA  S.  WOLFK     Cloth,  Is.  3d. 
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ARNOLD'S  SCHOOL  SERIES. 
FRENCH. 

FRENCH    WITHOUT    TEARS.      A   graduated   Hrn«-    of 

Reading  Books,  carefully  arranged  to  milt  tliu  ro>|iilrctaeuU  ul  quite  rout*  .til 
dreu  beginning  French.     With  Humorous  llliutr»Uou»,  NuU»,  «i»d  Vocabulary 
By  Mrs.  Huou  BKLL,  author  of  "  Lo  Petit  Tboatra  rnui<-aU.'    l,V>wu  •««.,  cUni. 
Book  I.,  ltd.  Book  II.,  Is.  liouk  III.,  la.  M. 

A  FIRST  FRENCH  COURSE.  Complete,  with  Grammar,  Ki«rcUs) 
and  Vocabulary.  Uy  JAMEM  U.MKI.I.K,  U.  A.  (UnlT.  U*JI  X  Monlor  VltMk  M*.l.r  .1 

Dulwlch  College,  etc.    Crown  8vo.,  cloth,  1s.  o-l 

A  FIRST  FRENCH  READER.    With  Kxerda*.  fur  K*  t 

Kdited  by  W.  J.  GREENdTRirr,  M.A.,  liond  M.uter  ul  tho  MArUacHcswol,  I 
Orowu  8vo.,  cloth,  la. 

FRENCH  DRAMATIC  SCENES.    Uy  C.  Aut  MtmtUAvt.    With 

Notes  and  Vocabulary.    Crown  Hvo..  cloth,  la. 

SIMPLE  FRENCH  STORIES.  An  entirely  new  a«riM  uf  (My  teita. 
with  Notes,  Vocabulary,  and  Table  of  IrreguLtr  Vcrha,  pn-turol  iui.lcr  UM  Uiu>»al 
Editorship  of  Mr.  L.  VON  OI.KIIN,  Asolstiuit  M.utcr  Ml  1'.  r 


VDHJ  tk-hm.!. 

About  SO  l>-igo8  in  Oiich  voluiuu.     I.iiu|i  cloth,  '.'•!. 

Un  Drame  dans  les  Airs.    By  JULES      Un  AnniTsrsair*  A  Loadrw,  and  two 

VEKNK.     Edited  by  I.  O.  LI.OYK  JONKN,  i       otlior  iturln.    Uy  P.  J.  HTAIIL.    K.liu.1 

B.A.,  Awjiatiiut  Maater  at  Oliultculi.im  ;       by  O.  K.  U.  iUwirr,  MA.,  Aj 
Collego.  Miut«r  at  Murlburuugh  Collcgv. 


La  Petite  Sour  is  Orise;  and  Histoire      Foneinet,  and  two  other  U)««.     Bv 
de  Rosette.    Hy  MADAME  UK  HEUUH.    '       KUUUARD  LABOULAYB.  BditodbyW.il. 

Kdited  by  HI.AM  UK  DALY  Cm  KIM..  1'ooi.K,  M.A. 

GIL  BLAS  IN  THE  DEN  OF  THIEVES.    Arrange!  from  LtSAOt 

With  Notes  and  YocabuUry  by   K.   UK   HI.AM  HAt  l>,  H.A.,  AwUUiit 
the  Central  Schoi.l.s,  Aberdeen.     Limp  cloth,  cruwu  Svo.,  ltd. 

1  t'Mi/pru. 

L'APPRENTL     l'-y  KMILB  SOUVJWTRK,     Kditwl  by  C.  F. 

French  Miister  nt  Hei  khaiiuttud  School.     Crowu  svo.,  •  loth,  U. 

RICHARD  WHITTINQTON.    Uy  MAI.AMK  KI-UENIB  Ktu.     And 
UN    CONTE    DE    L'ABBE    DE   SAINT-PIERRE.      Uy    KMHJI    »«t»««t«Bi 

Edited  by  U.  K.  UKIIIIK.NKH.    Crown  ,svo.,  cloUi,  U. 

The  feature  of  these  two  volume*  i»  that  in  addition  to  tin-  n»tc«i  au<l  fooUmlar* 
there  is  u  set  of  exercise*,  chiully  in  the  form  of  <|iiuiitioii>  aiid  kiuiwon>  lu  r*rr»rb 
modelled  upon  the  text  of  tho  narrative.  ThU  iuuuv»tioii  pruiuUva  U>  |>ro»o  fay 
popular. 

The  following  volumes  are  all  carefully  prepared  and  annotated  by  i«tb  w«0 
elitois  as  Messrs.  F.  TAHVKR,  J.  BoIiLic,  etc.,  aud  will  bo  found  • 

la  sjhool  use. 

JULES  VERNE    VOYAGE  AU  CENTRE  DE  LA  TERRE.    3*. 

ALEXANDRE  DUMAS    LE  MASQUE  DE  FER.    S*. 

ALEXANDRE  DUMAS    VINOT  AN8  APRE8.    U. 

FRENCH  REVOLUTION  READINGS.    .-. 

P.  J.  STAHL    MAROUSSIA.    -Jn. 

EMILE  RICHEBOURG    LR  MILLION  DU  PERE  RACLOT. 

H.  de  BALZAC    UNE  TENEBREUSE  AFFAIRE.    3». 

VICTOR  HUGO    OUATRE  VINGT  TREIZE.    a». 

ALEXANDRE  DUMAS    MONTE  CRISTO.    »• 

HENRI  GREVILLE-PERDUB.    fc. 
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ARNOLD'S  SCHOOL  SERIES. 

MATHEMATICS. 

A  New  Arithmetic  for  Schools.    By  J.  P.  KIBKMAN,  M.A.,  and 

A.  E.  FIELD,  M.A.,  Assistant-masters  ab  Bedford  Grammar  School. 

Crown  8vo.,  cloth,  3s.  6d. 
Exercises  in  Arithmetic  (Oral  and  Written).    Parts  L.  II.,  and  III. 

By  C.  M.  TATLOB  (Mathematical  Tripos,  Cambridge),  Wimbledon 

High  School.     Cloth,  Is.  6d.  each. 
Algebra.    Part  I.,  "  The  Elements  of  Algebra,"  Including  Quadratic 

Equations  and  Fractions.     By  R.   LACK  LAN,  Sc.D.,  with  or  without 

Answers,  2s.  6d.     Answers  separately,  IB. 
Algebra  for  Beginners.    By   J.    K.    WILKINS,  B.A.,    and   "W. 

HULLINGSWOBTH,  B.A.     In  Three  Parts,  carrying  the  pupil  as  far  as 

Quadratic  Equations.     Part  L,  4d.  ;  Part  II.,  4d. ;  Part  III.,  6d. 

Answers  to  Parts  I. -III.,  in  one  vol.,  6d. 
Vectors  and  Rotors.  With  Applications.  Being  Lectures  delivered 

at  the  Central  Technical  College.     By  Professor  O.  HKNBICI,  F.R.S. 

Edited  by  G.  C.  TURNEB,  Goldsmith  Institute.     Crown  8vo.,  4s.  6d. 
An  Elementary  Treatise  on  Practical  Mathematics.    By  JOHN 

GRAHAM,  B.  A.,  Demonstrator  of  Mechanical  Engineering  and  Applied 

Mathematics  in  the  Technical  College,  Finsbury.  Cr.  8vo.,  cloth,  3s.  6d. 

Preliminary  Practical  Mathematics.  ByS.G.  STABLING,  A.R.C.Sc., 

B.Sc.,  Head  of  the  Mathematics  and  Physics  Department  of  the  West 
Ham  Municipal  Technical  Institute  ;  and  F.  C.  CLAKKK,  A.R.C.Sc., 
B.Sc.     Is.  6d. 
The  Principles  of  Mechanism.    By  H.  A.  GABBATT,  A.M.I.C.E., 

Head  of  the  Engineering  Department  of  the  Northern  Polytechnic 
Institute,  Holloway.  Crown  8vo.,  cloth,  3s.  6d. 

Five-Figure  Tables  of  Mathematical  Functions.    By  J.  B.  DALE, 

M.A.  Camb.,  B.A.  Lond.,  late  Scholar  St.  John's  College,  Cambridge, 
Lecturer  on  Pure  and  Applied  Mathematics,  King's  College, 
University  of  London.  Demy  Svo.,  3s.  6d.  net. 

The  Elements  of  Geometry.  By  R.  LACHLAN,  Sc.D.,  formerly 
Fellow  of  Trinity  College,  Cambridge,  and  W.  C.  FLKTCHKB,  M.A. 
With  about  750  Exercises  and  Answers.  Cloth,  2s.  6d. 

Elementary  Geometry.  By  W.  C.  FLETCHER,  M.A.,  Crown 
8vo.,  cloth,  Is.  6d. 

A  First  Geometry  Book.  By  J.  G.  HAMILTON,  B.A.,  Lecturer  on 
Geometry  at  the  Froebel  Educational  Institute;  and  F.  KITTLE, 
B.A.,  Headmaster  of  Clapham  High  School  for  Boys.  Crown  8vo., 
fully  illustrated,  cloth,  Is.  Answers  (for  Teachers  only),  6d. 

Graphs  and  Imaginaries-  By  J.  G.  HAMILTON,  B.A.,  and  F.  KETTLE, 
B.A.  Cloth,  Is.  6d. 

The  Elements  of  Euclid     By  R.  LACHLAN,  Sc.D. 

THE  FOLLOWING  EDITIONS  ARE  NOW  READY.          ' 
Book  L    1 45  pages,  Is.  •     I    Books  I. —IV.    346  pages,  SB. 

Books  I.  and  II.    180  pages,-Ls.  6d.     f  Books  in.  and  IV.    104  pages,  2s. 
Books  I.— m.     304  pages,  2s.  6d.          |    Books  I.— VI.  and  XL    500 pages.    4s.6d. 
Books  TV. — VL    2s.  Gd.       Book  XL    Is. 

Mensuration.  By*  K.  W.  K.  EDWARDS,  M.A.,  Lecturer  on 
Mathematics  at  King's  College,  London.  Cloth,  3s.  6d. 
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ARNOLD'S  SCHOOL  SERIES. 

SOIENOE. 
The  Elements  of  Inorganic  Chemistry.    For  DM  to 

Schools  and  Colleges.     By  W.  A.  SHENHTONE,  F.R.8.,  Ixvtnrrr   la 
Chemistry  at  Clifton  College,     xii  +  606  pagcc.    (loth,  4«.  6d. 
A  Course  of  Practical  Chemistry.    Ry  w.  A.  8iiBwim>«K.   n..ih,  j«.  O.L 

A  First  Year's  Course   of  Experimental   Work   In 

Chemistry.  By  E.  H.  COOK,  D.Sa,  F.I.C.,  Principal  of  the  Olifto* 
Laboratory,  Bristol.  Crown  8vo.,  cloth,  1«.  M. 

A  Text-Book  of  Physical  Chemistry.     By  Dr.  R.  A. 

LEHFELDT,  Professor  of  Physic*  at  the  East  London  Technical  f  \\trn. 
With  40  Illustrations.  Crown  8vo.,  cloth,  7a.  6d. 

Physical    Chemistry   for   Beginners.     By   Dr.    VAN 

DEVKNTEB.     Translated  by  Dr.  R.  A.  LKIIKKM-T.     2a.  «d. 

The  Standard  Course  of  Elementary  Chemistry.    By 

E.  J.  Cox,  F.C.S.,  Headmaster  of  the  Technical  School,  Birmingham. 
In  Five  Parts,  issued  separately,  bound  in  cloth  and  illustrated.  Parti 
I. -IV.,  7d.  each  ;  Part  V.,  Is.  The  complete  work  in  one  roL,  S*. 

Practical   Physics.      A   Preliminary   Course  of    Practical 
Physics.    By  C.  E.  ASHKORD,  M.  A.,  Headmaster  of  the  Roya]  Naval 

College,  Oaborne.     Fcap.  4  to.,  Is.  6d. 

Electrolytic    Preparations.      Exercises    for  use   in    the 

laboratory  by  Chemists  and  Electro-Chemist*.  By  Dr.  KARL  KLIW, 
Professor  of  Organic  and  Physical  Chemistry  at  the  I'nivraity  of 
Giessen.  Translated  by  K.  S.  HITTON,  M.Sc.  Demy  8v<>.,  4«.  M.  n»C 

Electric  and  Magnetic  Circuits.    By  E.  H.  CRAPPER, 

M.I.E.E.,  Head  of  the  Electrical  Engineering  Department  in 
University  College,  Sheffield.  Demy  8vo.,  10*.  6d.  net. 

Electricity  and  Mag-netism.    By  C.  E.  AsHrx>Rn,  M.A., 

Headmaster  of  Oaborne  Royal  Naval  College,  late  Senior  Scimcv 
Master  at  Harrow  School  With  over  200  Diagrams.  Cloth,  3*.  6d. 

Magnetism  and  Electricity.    By  J.  PALBY  YORKK,  of  the 

Northern  Polytechnic  Institute,  Holloway.     Crown  8vo.,  cloth,  3*.  6d. 

Physiology  for  Beginners.    By  LEONARD  HILL,  M.B.    it. 
Elementary  Natural   Philosophy.     By  ALTRKD  EARL, 

M.  A. ,  Senior  Science  Master  at  Tonbridge  School.    Crown  8»o.,  4«. M. 

A  Text-Book  of  Zo9logy.    By  G.  P.  MUDOE\  A.R.C.Sc. 

Lond.,  Lecturer  on  Biology  at  the  London  School  of  Medicine  for 
Women.  With  about  150  Illustrations.  Crown  8vo.,  7«.  Od. 

A  Class-Book  of  Botany.    By  G.  P.  MUIX;E,  A.R.C.Sc., 

and  A.  J.  MASLEN,  F.L.S.,  Lecturer  on  Botany  at  the  Woolwich 
Polytechnic.  With  over  200  Illustrations.  Crown  8vo.,  7».  W. 

Psychology  for  Teachers.    By  C.  LLOYD  MORGAN,  F.R.S., 

Principal  of  University  College,  Bristol     Crown  8va,  cloth,  3«.  6d. 
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HISTORY. 
A  History  of  England     By  C  W  .  OMAN,  *£,  Deputy 


w  th  Ma^  S3  the  Principal  Battlefields,  and  Genea 
TaWel     76^pages.     Ninth  and  Enlarged  Edltlon  (to  end  of 
South  African  War).     Crown  8vo.,  cloth,  SB. 


In  1603 


I,  to  1307,  2,  ;  Division  II,  1307 
to  1688,  2s.  ;  Division  III.,  1688  to  1902,2s.  6d. 
V  In  ordering  please  state  the  period  required,  to  avoid  confus 

England  in  the  Nineteenth  Century.    By  C  W.  ^OMAN 

M  A     Anthor  of  "A  History  of  England,"  etc.     With  Maps  and 
Appendices.     Revised  and  Enlarged  Edition.     One  vol.,  crown  8vo., 


OMAN.     With  Maps.     Cloth,  2s. 

Questions  on  Oman's  History  of  England.    By  R.  H. 

BOOKEY,  M.A.     Crown  8vo.,  cloth,  Is. 

A  Synopsis  of  English  History.    By  C  H  EASTWOOD, 

fieadmaster  of  Redheugh  Board  School,  G^h^     **'„  ^          of 

This  useful  little  book  is  based  upon  Mr.   Oman  s       ] 
En-land7bub  can  be  used  with  any  other  text-book      It  is  des.gned 
up^iirn  original  plan,  and  wiU  be  found  a  valuable  help  in  the  si 
of  history. 


c 

reuctions  of  Roman  Coins  from  te     riis    Museum.     By  C. 
OMAN.     About  320  pages.     Crown  8vo.,  cloth,  bs 

tt£j&a 

With  numerous  Illustrations.     One  vol.,  2s. 


Marlborough  College.  450  pages,  with  Maps.  Crown  8vo.  ,  cloth,  4s.  6c 

Old  Testament  History.     By  the  Eev.  T  C  Ffcv,  Head- 

master of  Berkhamfted  School.     Crown  8vo.,  cloth,  2s.  6d. 

Crown  8vo.,*6s.         _  _  _ 
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